CHAPTER-2
PRELIMINARIES AND BASIC CONCEPTS

2.1 Introduction:

Although most of the concepts, notations, definitions and results are standardized
by now, for the sake of completeness, in this chapter, we collect those definitions and
results and obtain some pre-requisites which will be used in the subsequent chapters.
Here, the results are mentioned without proof and can be seen in the papers referred to. In
this chapter we collect the basic definitions and obtain some pre-requisites, which will be

used in the subsequent chapters.

2.2 Some Definitions, Notations and Results:

Definition 2.2.1 [103]: Let X be an arbitrary nonempty set. A fuzzy set in X is a mapping
from X to the closed unit interval I =[0,1], that is, an element of I*. A fuzzy point
(some times called a fuzzy singleton) is a fuzzy set in X if it takes value O for all ye X
except one, say xe X. If its value at x is A (0 < A <1). We denote the fuzzy point P/,

where the point x is called its support. We denote by S(X) the collection of all fuzzy

points in X. the fuzzy sets in X taking on respectively the constant values O and 1 are

denoted by 0, and 1, respectively

Definition 2.2.2 [103]: A fuzzy point Pf is said to be contained in a fuzzy set A or said
to belong to A, denoted by p?e A if and only if A(x) > L. Every fuzzy set A can be
expressed as the union of all the fuzzy points which belong to A. That is, if A(x) is not
zero for xe X, then A(x) = sup{A: p? is fuzzy point and 0< A < 1}. For two fuzzy sets A
and B in X, we write A B(orB 2 A) iff A(x) < B(x) for all xe X and we then say that

A is a subset of B; the negation of such a statement is denoted by A £ B
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Definition 2.2.3 [103]: Let X be a set A and B be two fuzzy subsets of X. A is said to be
equal to B if and if A(x) = B(x) for every xe X. It is denoted by A=B
Definition 2.2.4 [103]: Let A, B € 1" . We define the following fuzzy sets:
@A) ANB e I*,by (ANB)(x) = min { A(x),B(x) } for each xe X
(ii) AUB e I*,by (AUB)(x) = max { A(x),B(x) } for each xe X
(iii) A°e 1%,by A°(x) =1 - A(x) for each xe X
Definition 2.2.5 [103]: Let {A, : @€ A}, where Ais an index set, be a family of fuzzy

sets in X. The union U A, and the intersection () A, of the collection are the fuzzy sets
acA acA

givenby U A,=sup{ A,(x): ae A},xeXand [ A,=inf{ A,x): ae A}, xeX

aeA aeA

respectively.

Definition 2.2.6 [21]: Let T < I * satisfy the following three condition:
(1) X, Del”
(ii) If A,Be T,then ANBe T

(i) If{A,:aeA}c T, thenU A, eT.

acA
Then T is called a fuzzy topology on X and (X, T) is called a topological space (fts, in
short). The elements of T are called open fuzzy sets in X and their complements are
called fuzzy closed sets in X.

Definition 2.2.7 [6]: The closure and interior of a fuzzy set A in an fts (X, T) are denoted

by clAand int A respectively and are defined as follows:

clA=({B:Ac Band B'e T}

intA=U{B:Bc Aand Be T}
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Result 2.2.8 [6]: A fuzzy point p’e cl(A) if and only if each Q-neighborhood of p?is
quasi-concident with A.
Result 2.2.9 [6]: A fuzzy point p’e Int(A) if and only if p? has a neighborhood

contained in A.
Result 2.2.10 [6]: For a fuzzy set A in an fts X we have:
(1) I-intA=cl(1-A)
(i1) 1-clA =int(1-A)
(i11) A is fuzzy open (closed) iff A =int(resp.A = clA)
Result 2.2.11 [6]: For a family {A,:ae€ A} ( Ais an index set) fuzzy sets in X we have

(1) U clA, ccl U A, equality holds if Ais finite
acA

acA

(ii) UintA, cint U A,

acA acA

Definition 2.2.12 [84]: Let (X, T)be aftsand A, B € I* . Then

(i) A is said to be quasi-coincident with B, denoted by A g B, if and only if
there exists of xe X such that A(x) > B(x) i.e. A(x)+ B(x) > 1. If A is not

quasicoincident with B, then we write Ag B
(i1) A is called a Q-neighbourhood of p f € S(X) if and only if there exists
U e T such that P*'q U and U < A. The class of all open Q-neighborhoods of P/ is
denoted by N?(P})
Result 2.2.13 [84]: Let A and B be fuzzy subsets of (X,T). Then A < B if and only if A
and B¢ are not quasi-concident; Particularly p f € A if and only p f is not quasi-

coincident with A°.

Result 2.2.14 [51]: Let A and B be fuzzy sets in an fts X. Then
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(1) If ANB=0,,then AgB

() If AgB= ANB=#0,

(i) AcB<& PlqBforeach P/qA
Result 2.2.15 [84]: Let (X,T) be a fts and Ae I* . Then

(1) If Agp= ANB#0,

(i)  Aisopeniff V P/qA,3Ue N?(P/)such that UCA.

@iii)) ForeachUeT,UqAiff Uqcl(A)
Definition 2.2.16 [84]: A fuzzy point p’ in an fts X is called a fuzzy cluster point of a
fuzzy set A in X every Q-nbd (or equivalently, every open q-nbd) of p? is g-coincident
with A.
Result 2.2.17 [84]: For a fuzzy set A and a fuzzy point p’ inan fts X, p’ e clA iff p’is

a fuzzy cluster point of A.

Result 2.2.18 [84]: For any two fuzzy sets A and B in an fts X of which B is fuzzy open,
AgB = clAgB.

Definition 2.2.19 [40, 93]: The union of all fuzzy @-open (resp. ¢ -open) sets contained
in a fuzzy set A in an fts ( X, T) is called the fuzzy @-interior ( resp. & -interior) of A, to
be denoted by #-int A(resp. dint A).

Definition 2.2.20 [56]: A fuzzy filter on X is a nonempty subset ® < I such that

(i) De o

(i1) If Aed and A < B, then Be .

(i) If A, B € ®, then A " Be ®.

The class of all fuzzy filter on X will be denoted by FL(I%).
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Definition 2.2.21 [52]: Let B be a nonempty family of subsets of I*. Then B is called a
base for a fuzzy filter on X (or a fuzzy filter-base) if the following two conditions are
satisfied:
(i) D¢ B
(i1)) If A,Be B,then AnBe B
Definition 2.2.22 [56]: A fuzzy filter base on X is a nonempty subset ® < I such that
)] De O
(i1) IfA,Be ®,then 3Ce & suchthat C cANB
The class of all fuzzy filter bases on X will be denoted by FLB(I®).
The fuzzy filter ® generated by B is defined by ® = {FeI* : A < F for some Ac B}
denoted by ( B ). A collection B of subsets of ® is a base for @ if each Ae  there is
Be BsuchthatB ¢ A
Definition 2.2.23 [56]: Let & ,% € FL(I*) ( or FLB(I*). Then we say that & is finer than
WY, writtenas ¥ < &, if VA € &, 3 Be ¥ suchthat B < A.
Deinition 2.2.24 [56]: Let X be a nonempty set. Then
@) A fuzzy filter ® on is called a maximal fuzzy fliter on X iff ® is finer than every
fuzzy filter comparable with it.
(i) A fuzzy base B on X is called a maximal fuzzy filter base on X if it is base for a
maximal fuzzy filter on X.
(iii) A subfamily & of fuzzy filter @ on X is said to be subbase for ®if the family of all
finite intersection of members of & is a base for ®. We say that § generates ®.
Result 2.2.25 [85]: (1) Let ®; ®, be any fuzzy filter base on X. then the family

®, UdD,={F,UF,: Fie ®&,, F,e ®,} is an fuzzy filter base on X.
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2) If Fin F, # D for each Fie ®; and each F,e &,,then ®, "®,={ F N F, : Fe
®,, Foe &, } is afuzzy filter base on X.

(3) A nonempty family B c ¥ is an fuzzy filter base iff for any finite collection { B, };

from B, ﬁ B, #J

i=1
Result 2.2.26 [ 85]: Let f:X — Y be a mapping.

(1) If @ is a fuzzy filter base on X, then sois f(P)={f(A):Ae P} onY.

(2) If ® is a fuzzy filter base on Y and f is onto, then f'(®)={f"'(A): Aec P} is a
fuzzy filter base on X.

Definition 2.2.27 [37]: A filter base & is said to be convergent to a fuzzy point Pf ,
denoted by ® — P/, iff every open Q-neighbourhood of P/contains a member of &
and P! e CI(A) forevery Ae ® .The limit of a fuzzy filter base @ is defined by
lim(®)=uU{P'e S(X):® — P’

Definition 2.2.28 [85]: Let (X,T) be a fuzzy topological and ® a fuzzy filter base on X.

A fuzzy point Pf is said to be cluster point (or accumulation point) of @ if every open Q-
neighbourhood U of P and for all Fe @, we have F qU.

Result 2.2.29 [37]: A fuzzy point P*(0 <A < 1)ina fts (X,T) is a cluster point of a filter

base ® iff Pf € CI(F), for each Fe &.

Result 2.2.30 [78]: Let (X, T) be a fts and & a fuzzy filter (or Fuzzy filter base).Then

(i) N2(P}) is a fuzzy filter (filter base) on X and N?(P}) — P}

(ii) If P’is a cluster point of a fuzzy filterbase ® on X and U is a Q-nbd. of P/, then

¥ ={(FNU :F e ®}is finer than ® and ¥ — P/}
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(i) Let A be a nonempty fuzzy set. If @ — P/ and there exists Fe ®such that F ¢ A,

then pf( € cl(A)
Definition 2.2.31 [6]: A fuzzy set A in an fts X is called a fuzzy regular open set if

int(c/(A)) = A. The complements of regularly open sets are called fuzzy regularly closed.
Definition 2.2.32: A fuzzy point pf is said to be a fuzzy o -cluster [38] (&@-cluster [70])
point of a fuzzy set A in an fts (X, T) if every fuzzy regular open Q-neighbourhood

U (respectively the closure of every fuzzy open Q-neighbourhood U) of p? is quasi-

coincident with A. The union of all fuzzy O -cluster (respectively @-cluster) points of A

is called the fuzzy O -closure (resp. @-closure) of A and it is denoted byclz(A) (resp.
cl,(A)). A fuzzy set A is fuzzy J-closed if cl;(A)= A( resp cl,(A) = A) and the
complement of such a fuzzy set is called fuzzy & -open ( resp. &-open).

Definition 2.2.33: The union of all fuzzy @-open (resp. J-open) sets contained in a
fuzzy set A in an fts (X, T) is called the fuzzy @-interior [24] ( resp. O -interior [62]) of
A, to be denoted by int,(A) (resp. int ;(A) ).

Definition 2.2.34 [64]: An fts X is said to be:

(a) fuzzy regular (semi-regular) iff for each fuzzy point p? in X and each open Q-
neighborhood U of p’, ther exists an open Q-neighbourhood V of p’ such that
ClV c U (resp.Int(CIV) c U ).

(b) fuzzy almost regular iff for each fuzzy point p f in X and each regularly open Q-
neighborhood U of p f , there exists a regularly open Q-neighbourhood V of p f such that

ClvcU
Result 2.2.35 [70]: An fts X is:

(a) fuzzy regular iff, cl,(A) = clA , for any fuzzy set A in X
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(b) fuzzy semi-regular iff cl/3(A)= clA ,for any fuzzy set A in X
Definition 2.2.36 [103]: let f be a function from a set X into a set Y, and let A, B be

fuzy sets in X and Y respectively. Then f(A)is afuzzy setin Y given by:

fAM)=supl@):ze 7O}, it f (=9
=0 it f (=9
and f~'(B)is a fuzzy set in X, defined by
£ (B)(x) = B(f(x)), for each xe X
Result 2.2.37[21]: let f be a function from a set X into a set Y. Then the followings
hold:
(@ A, c A, = f(A)c f(A,), where A, and A, are fuzzy sets in X.
(b) B, € B, = f(B)) < f(B,), where B, and B, are fuzzy setsin Y.
(c) B2 f(f'(B)), for any fuzzy set B in Y.
(d) Ac f'(f(B)), for any fuzzy set A in X.
e f(B)=(f"(B)
Result 2.2.38 [6, 93]: let f be a function from a set x into a set Y.
(a) If A,A,eI¥, then f(ANA)CfA)NS(A,).
(b) if Ae I* and Be I",then f(A)c B=>Ac f'(B).
(c) If A,Be I"* suchthat AgB , then f(A)qf(B).
(d) If A,Be I" suchthat AgB,then f'(A)gf ' (B).
Definition 2.2.39: let f be a function from a fts (X, T) into a fts
(Y, T”) Then f is said to be:

(i) fuzzy continuous [21] if foreach Ve T’, f'(V)eT.
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(i1) fuzzy open (fuzzy closed)[21] if for each fuzzy open(resp.fuzzy closed) set A in X,
f(A) is fuzzy open (resp. fuzzy closed) inY.
(iii) fuzzy @-closed [20] if for each fuzzy closed set Ain X, f(A) is fuzzy
6-closed setin Y.
(iv) fuzzy homeomorphism [21] if f is bijective and both fand f~' are
fuzzy continuous.
Proposition 2.2.40 [59]: let f be a open function from a fts (X, T) into a fts
(Y,T”). Then the followings hold:
(1) f(int A) cint( f(A)) for each fuzzy set A in X.
(2) f'(cIB) c cl(f ' (B)) for each fuzzy set Bin Y
(3) int(f'(B)) < f'(int B) for each fuzzy setBin Y
Proposition 2.2.41 [58]: let f be a open function from a fts (X, T) into a fts (Y, T").
Then f is closed if and only if clI( f(A)) < f(clA) for each fuzzy set A in X.
Result 2.2.42 [54]: let f be a function from a fts (X, T) into a fts (Y, T”). Then the
following are equivalent:
(1) f is fuzzy continuous
(2) for each fuzzy point pf in X and each neighbourhood V of f( pf ) in Y , there
exists a neighbourhood U of p? such that f(U)cV

(3) For each fuzzy point p? in X and each open Q-neighbourhood V of f(p?) inY,
there exists an open Q-neighbourhood U of p? such that f(U) c V.

(4) For any fuzzy set Ain X f(clA) c clf (A).

(5) For any fuzzy set Bin Y, cl(f(B)) < f ' (cl(B)).

Definition 2.2.43: A function f :(X,T)— (Y,T") is said to be:
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(a) fuzzy O -continuous [38] iff for each fuzzy point p f in X and each regularly open
Q-neighbourhood V of f(p f) in Y , there exists a regularly open Q-neighbourhood U of
pf such that f(U)cV .

(b) fuzzy @-continuous [64] iff for each fuzzy point p? in X and each open Q-
neighbourhood V of f( pf ) in Y , there exists an open Q-neighbourhood U of p f such
that f(clU)c clV .

(c) fuzzy weakly & -continuous [64] iff for each fuzzy point p? in X and each open
Q-neighbourhood V of f( pf) in Y , there exists an open Q-neighbourhood U of Pj
such that f(intclU) < clV

(d) fuzzy weakly @-continuous [64] iff for each fuzzy point p? in X and each open
Q-neighbourhood V of f(p?) in Y , there exists an open Q-neighbourhood U of p?
such that f(U) c clV

(e) fuzzy almost strongly €-continuous [64] iff for each fuzzy point p f in X and each
open Q-neighbourhood V of f(p’) in Y, there exists an open Q-neighbourhood U of
p? such that f(clU) cintclV

(f) fuzzy almost continuous [38] iff for each fuzzy point pf in X and each regularly
open Q-neighbourhood V of f(p?) in Y , there exists an open Q-neighbourhood U of

pl suchthat f(U)cV

Definition 2.2.44: An fts X is said to be:

(a) fuzzy compact[21] if for every open cover {U,: e A} of X, there is a finte subset

A, of A suchthat U{U,:axe A} =1,,
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(b) fuzzy almost compact if for every open cover {U,: e A} of X, there is a finte
subset A, of A suchthat U{clU,:ae A,}=1,,

(c) fuzzy nearly compact if for every open cover {U, : @ € A} of X, there is a finte subset
A, of A suchthat U{IntCIU,, e A,}=1,,

Definition 2.2.45: Let f: X — Y be a fuzzy function. Then graph g: X — X xY of fis
defined by g(p?)=(p’.f(p})) forevery pe S(X).

Definition 2.2.46: Let G, be graph of a function f: X — Y. Then the inverse of a fuzzy

point is defined by f’l(p;)z{p)’c1 €S(X):G, #04}
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