CHAPTER-6
BIOPERATION-OPEN SETS AND BIOPERATION-
CONTINUOUS FUNCTIONS IN FUZZY TOPOLOGICAL
SPACE

6.1 Introduction:

In this chapter, we generalize the notion of operation-open sets in the sense of
chapter-3 to bioperations and define bioperation-closure and bioperation-generalized
closed sets. We then study the concepts of fuzzy bioperation-continuities and bioperation-
separation axioms. Several properties and characterizations of these notions are also

investigated. Throughout this chapter, ¥ and y” are two operations on fuzzy topology T.

The results contained in this chapter are communicated in the form of papers [45],[49]

for publication.
6.2: Fuzzy (y,y )-open sets and its properties:

In this section we have defined the notion of fuzzy (7, 7" )-open sets and investigate
the relation between fuzzy (7, 7" )-open sets and fuzzy y-open sets [chapter-3]
Definition 6.2.1: A fuzzy subset A of (X,T) is called a fuzzy (y, " )-open set if for each
p f g A, there exist open q-neighborhood U and V of p f such that y(U)Uy' (V) c A

Theorem 6.2.2: Let A be a fuzzy subset of (X, T ).

(i) A is fuzzy (y,y")-open if and only if A is fuzzy y-open and fuzzy y’-open.
(ii) If A is fuzzy (y,7")-open, then A is open
(iii) If A, is fuzzy (7,7 )-open for every je J, then U {A; |je T} is fuzzy ( ,7")-open.
(iv) The following statements are equivalent:
(a) Ais fuzzy (y,y)-open.

(b) A is fuzzy y-open
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Proof: (i) (Necessity) Let p f g A. Then there exists open g-neighborhoods U and V of
pl suchthat W)Uy (V)< A. Accordingly max{ y(U)(x), 7" (V)(x) } < A(x) for all
xe X andso y(U)(x) £ A(x) and 9 (V)(x) £ A(x). Therefore y(U) < A and
¥ (V)< A. Hence A is y-open and y"-open
(Sufficiency): Let p’q A. Since A is fuzzy y-open and fuzzy y’-open, there exists open
g-neighborhoods U and V of p f such that y(U) < Aand »'(V) < A. Then we obtain
y(WU)YU ¥ (V)< A and so A is fuzzy (y, ¥’ )-open
(ii) Let A be (7,7 )-open set. Since T,cT and Ais y-openby (i), A is open.
(iii) Let B= U{ Aj | je J}and p?qB. Then there exists some Aj € T such that
p f q Aj. Since A;is (y, ¥ )-open, there exists open g-neighborhoods U and V of p f
such that y(U)U ¥’ (V) c A, . Therefore, (7 (U) U 7" (V))(x) < Aj(x) forall xe X and
so (y(U) U ¥ (V)(x) < sup{Ai(x) lje 1 }. This implies »(U)U #'(V) = B and hence
Bis (y,7")-open.
(iv) (a) & (b) followsif y = »” in ().

Corollary 6.2.3: T, ,, denotes the set of all fuzzy (,y")-open sets of (X,T). Then from

7.7

the theorem 6.2.2, we can obtain the following relation

Definition 6.2.4: A fuzzy topological space (X,T) is said to be fuzzy (y,y’)-regular
space if for each fuzzy point p f of X and every open g-neighborhood U of p f there

exist open g-neighborhoods W and S of p? such that (W) U 7'(S) < U.

Theorem 6.2.5: Let (X,T ) be fuzzy topological space.Then
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(i) (X,T) is fuzzy (y, " )-regular if and only if T, = T holds.

7.7)
(i) (X, T) is fuzzy ( y, ¥’ )-regular if and only it is fuzzy y-regular and
fuzzy y -regular.
(iii) The following statements are equivalent:
(a) (X,T)is fuzzy (y,y )-regular.
(b) (X,T)is fuzzy y-regular.

Proof: (i) (Necessity) Since T, ,, < T, it is sufficient to prove T C T, LetAe T

)"
and pf q A. Then A(x) >1- A4 and so A is open g-neighborhood of p f . Since ( X,T ) is
fuzzy (y,y")-regular , there exists open g-neighborhoods W and S of p f such that

y (W) U 7'(S) < A. This shows that A is fuzzy (,7)-open set.

(sufficiency) Let p’ be a fuzzy point in X and let V be open g-neighborhood of p’.

Since T, =T, Vis fuzzy (, " )-open set. Therefore there exists open

77
Q-neighborhoods W and S of pf such that ¥ (W) U 7’ (S) < V. This shows (X,T) is
fuzzy (y,y’)-regular .

(i) By using (i) and 6.2.3, (X,T) is fuzzy ( , ¥’ )-regular if and only if

T

oy =T, NT,=T Thatis, (X,T)is fuzzy (y,y")-regular ifandonly T =T,=T,.
By using theorem 3.2.15, we can obtain that (X,T) is fuzzy (7, )-regular if and only it
is fuzzy y-regular and fuzzy y -regular.

(iii) It is shown by setting ¥ = »” in (i) and using theorem 3.2.15

Proposition 6.2.6: Let y and »” be fuzzy regular operations.

(i) If A and B are fuzzy ( y, ¥’ )-open sets, then A () Bis (7,7’ )-open.

(ii) T,

..y, 1s a fuzzy topology on X.
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Proof: (i) Let p*q (A N B). Then p’q A and p’q B. By theorem 6.2.2, A and B are
both fuzzy y-open and fuzzy ¥ -open. Then there exist open Q-neighborhoods U, V, W,
and S of p? such that ¥ (U)cA, ¥ (W)cAand y(V)C Bandy’(S) c B.
Now (7(U)N y(V)(x) =min { y(U)x), 7(V)(x)}
< min { A(x), B(x) }
=(ANB)(x)
and (7" (W) 7'(S)) (x) = min { " (W)x), 7" (S)x) }
< min { A(x), B(x) }
=(ANB)(x)
Therefore
(N y(VHU Y WN Y SMNH) =max { (¥ (U)N 7 (V). (¥ W)N 7 (S)) (x)
<max { (ANB)x), (ANB)(x) }
=(ANB)(x)

By using regularity of yand y’, there exist open Q-neighborhoods E and F of p?such
that y(BE)c y(U)N y(V)and " (F)c " (W) ¥ (S).
Hence (y(BE)U " (F))(x) = max { y(E)(x), ¥ (F)(x) }

<max { (N y(V)X), (¥ W)N 7" (SHX) }

<max { (A B))(x), (ANB)(x) }

= (AN B))(x)
So, 7(E) U 7 (F)c ANB. This implies that AN B is fuzzy (7,%”)-open set.
(i) 0 and 1 are fuzzy (7,7’ )-open sets together with (i) and theorem 6.2.2 (iii) 7,,,, is

fuzzy topology on X.
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6.3. Fuzzy (y,y")-closures and its properties:

In this section we have defined two different types of fuzzy bioperation-closures
and investigated relations between them.
Definition 6.3.1: A fuzzy subset A of (X,T) is said to be fuzzy (y,7")-closed set if its
complement A° is fuzzy (y,7”)-open set

Definition 6.3.2: For a fuzzy subset A of (X,T) and T, T, ,,-CI(A) denotes the

7Y’
intersection of all (¥, »”)-closed sets containing A i.e.

T(N’) -Cl(A)=inf {F:ACF F‘e T(y,}") }.

The following proposition characterizes T, -CI(A).

Theorem 6.3.3: (i) For a fuzzy point p’ in X, p’e T,,,,-Cl(A) if and only V q A for
any Ve T, , and pf qV.
(ii) A'is (y,y")-closed if and only if T,,-Cl(A)=A

Proof: We have p’e T, ,,-CI(A) if and only if for every fuzzy (y, y")-closed set
F 2 A, p/e ForF(x) > 1. By taking complement, this fact can be stated as follows:

ple T, ,,-CI(A)if and only if for every fuzzy (7, y")-openset BC A, B(x) < 1-A.

In other words, p’e T, -CI(A) if and only if for every fuzzy (y, y")-open set B

satisfying B(x) > 1-A and B is not contained in A“ (which implies BgA) . Thus we have

proved that p’e T,,.,-CI(A) if and only if V q A for every fuzzy (,")-open set V and

7.¥)
piqV.
(ii) (Necessity) Let A be fuzzy ( 7,y )-closed set. Then by definition 6.3.2

T, ,-CI(A) = A.
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(Sufficiency) Let T, -CI(A) = A. We want to prove that A* is fuzzy (,y")-open set.

7.7)

Let p! q A°. Then ple¢ A= T, ,,-CI(A) and there exists a fuzzy (,7")-open set V

7.Y)
and pf q V such that V is not quasi-concident with A. Therefore V < A°. Since V is

fuzzy (y,y’)-open set, for pf q V, there exists open g-neighborhoods W and S of pf

such that W) UY(S) < V. Hence we have Y(W)UY(S) < A°. This shows that A is
fuzzy (y,y’)-open set. That is A is fuzzy (y,y")-closed.
Theorem 6.3.4: Let A and B be fuzzy subsets of (X, T ).

A C T, -ClA),

7.Y)

(i) If A c B, then T,, ,,-CI(A)C T, -CI(B).

(iii) T, ,,-CI(A) is fuzzy (y,7")-closed set.

7.Y)
Proof: (i) It is obvious from definition 6.3.2.

(i1) Let pf € T, ,,-CI(A). Then by theorem 6.3.3 (i), we have V q A for every fuzzy

7.7)
(7,7 )-open set V and pf q V. Since Ac B, we have V q B. This shows that

pie T, -CI(B) . ThusT,, , -cl(A) c T, -cl(B)

Y

(ii1). Here we prove that 7, ., -CI(T|, , -Cl(A)) = 7, -CI(A). Let us put

G=T

.7

-CI(T,,,,-Cl(A)) and H = T,, , -CI(A). Let p’e T,,,-C(T,,,,-Cl(A)) and V

be fuzzy y-open set and p’q V. Then by theorem 6.3.3 (i), we have V q H. This implies
V(x) +H(x) > 1 for some xe X . Let H(x) =1, re [0,1]. Then p. €e H=T,, , -CI(A) and

.7

V is fuzzy (y,7 )-open set and p! q V. Hence by theorem 6.3.3 (i) we get V q A. This

shows that ple T, -CI(A).
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Again, let ple -CI(A).Then by (i), p;eT,,,,-CI(T,,,,-Cl(A))). Thus we have

T( 7.7) 7.Y)

shown that p’ez, ,-CIT,, ,-Cl(A) & ple(T, , -Cl(A)). Hence

.7 7.7) 7.7

T,.,-C(T,,,-Cl(A) =T, ,,-Cl(A) and by theorem 6.3.3 (ii) T, ,,-CI(A) is fuzzy

7.Y) 7.¥) 7.¥)
(7,7 )-closed set.

We introduce the following definition of Cl , , (A).

Definition 6.3.5: Let pf € S(X) and Ae I*. Then the fuzzy (y,y )-closure of A,

denoted by Cl (A), given by :

7
pf € Cl, ., (A) iff (y(V)U¥(W)) q A for each open g-neighborhoods V and W of p f .
Theorem 6.3.6: Let A be a fuzzy subset of (X,T). Then

Cl,,,(A)=Cl, (A) U a »(A) holds, where Cl , (A) and Cl ,(A) are y-closure and

" -closure of A respectively .
Proof: We have
ple Cl, (A
& There exist open g-neighborhoods V and W of p f such that
v(V) Uy(W) is not quasi-concident with A.
& There exist open g-neighborhoods V and W of p? such that
(V) Uy(W)(x) + A(x) < L.
< There exist open g-neighborhoods V and W of p f such that
max { y(V)(x), ¥ (W)X} + Ax) < 1.
& There exist open g-neighborhoods V and W of pf such that
y(V)(x) + A(x) £ land ¥ (W) + A(x) < 1.
& pleCl,(A)and p!eCl (A).
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& Cl,(A)x) < A andCl,(A)Xx) < 4.
& Max { Cl(A)(x), Cl ,(A)x)} < 4.
& pie Cl(A) U ClL(A).

Hence Cl, , (A)=Cl, (A) U Cl (A).

Theorem 6.3.7: For a fuzzy subset A of (X,T) the following properties hold.

HAcClAcd,, (A cT,,,-ClA)

(r.Y 7.7)

(i) If A B then Cl_,(A) c Cl,, ,(B)

.y
Proof: (i). By Theorem 6.3.6 and theorem 3.3.6, it is shown that

Cl,,,,(A)=Cl (A) U Cl(A) 2CI(A).

Now we show that C1, . (A) € T, ,,-CI(A).

.Y 7.Y)

Let ple T, ,,-CI(A).Then there exists an fuzzy (y, 7’)-open V such that p*q V and
V is not quasi-concident with A. Since V is fuzzy ( y, ¥’ )-open set, so there exists open Q-

neighborhoods W and S of p’ such that y(W) U #’(S) < V. Therefore YW)U 7'(S) is
not quasi-concident with A. Then we have p’¢ Cl (.7 (A). Hence

Cl(A) c T,,,-CI(A) .Thus we have Ac CI(A) c Cl,, ,(A) C T,

( 7.7)

-CI(A).
(i) Let ple Cl,, (A). Let W and S be fuzzy open g-neighborhoods of p’. Then we

have (YW)UY(S)) q A. Since A< B so we get (Y(W)U ¥(S)) q B. This shows

pie Cl, , (B).Hence Cl, , (A) c Cl, , (B).

. 7) r.7)

Theorem 6.3.8: Let A be a fuzzy subset of (X,T).

i. A is fuzzy (y, ¥’ )-closed if and only if Cl, (A=A
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T, ,,-Cl(A)=Aif and only if C1 , , (A) =A.

iii. A is fuzzy (7,7 )-open if and only if CI , , (A%) = A",

(84

Proof: (i) (Necessity): we prove that CI (A) c A. Let pvf ¢ A . Then

r.7)

pf q A°. Since A° is fuzzy (y,7")-open, there exists open Q-neighborhoods W and S of
pf such that yW)UY(S) < A° and so y(W)UY(S) is not quasi-concident with A. It
shows that pf ¢ Cly(A). Hence Cl, , (A) < A. Again by theorem 6.3.7(i) , we have

A cCl,, (A).Thus Cl,_ (A)=A.

(84

(Sufficiency): We want to prove that A° A® is fuzzy (y, 7 )-open. Let Let p’qA‘.Then
ple A=Cl .y, (A) and there exists fuzzy open g-neighborhoods W and S of p #such

that y(W)U ¥(S) is not quasi-concident with A This implies that yW)U¥S)) < A"
Therfore A¢ is fuzzy (y,y")-open so that A is (y,y")-closed.

(ii) It is proved by (i) and theorem 6.3.3 (ii).

(ii1) It follows from (i) and definition 6.3.1.

Theorem 6.3.9: For a fuzzy subset A of (X, T ), the following properties hold:

() If (X,T)is fuzzy (y,y")-regular space then CI(A) = Cl G A =T, ., -Cl(A)

7.7)
(i) C1,, ,, (A) is fuzzy closed subset of (X,T).
(i) T,

-CICl,, ,,(A) =T, ,-Cl(A)=Cl,_, (T,,,-Cl(A))

7.7) 7.7

Proof: (i) By theorem 6.2.5 (i), we have T = T, , and hence CI(A)) = T, , -CI(A). By

7.7)

using theorem 6.3.7 (i), it is shown that CI(A) =Cl, , (A) =T,

7

-CI(A).
(i) It follows from Theorem 6.3.5 and theorem 3.3.6(iii) that

CI(Cl,,,(A)) =CI(Cl,(A) U Cl(A)=CI(Cl ,(A))U CICl ,(A) =

Cl,(A) U Cl,(A)=Cl,,, (A).
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(iii) By the theorem 6.3.4(iii) we have -CI(A) is fuzzy y-closed subset of X. Then

(77)

by theorem 6.3.8(1) we get T, , -CI(A) = Cl -CI(A)). Again by theorem 6.3.7

7.7 (77)( 7.7

(i) we have Ac CI (A). Then by theorem 6.3.4(ii) we get

.7

-Cl(A) c -CI(Cl1 (A)). Since by theorem 6.3.7(i)

(77) (77) . 7)

l,,,@A) < T,,,-CI(A), we obtain that

cl,,,A < T,,,-Cl(A) c -CI(C1, ,,(A)).By using these inclusions and

(77)

theorem 6.3.4 (ii), we obtain that

C1(Cl,,,,(A) cT,,,,-Cl(z,,-ClA) CT,,,-Cl(T,,,-CUCI,,, (A)).

(77) r.7) r.7) .7

By theorem 6.3.4 (iii) it can be written as

-CI(Cl,, ,(A) C -CI(A) C (T, ,,-CI(Cl,, ,, (A)).Thus we get

(77) (r.y (77) (V4

-Cl(A)= -Cl (ClI (A)) and hence

(}’}’) (77) r.7)

C1(Cl,, ,(A) = -CI(A)=Cl ~CI(A)).

(77) (77) (77)( .7

Theorem 6.3.10: Let y and y” be fuzzy operations and A a fuzzy subset of (X,T ).

If T7 =T Y holds, then
@) cl,,,(A)=T,,-Cl(A), and

Gi) Cl,, , (Cl,, ,(A)=Cl

(7.7

,(A)ie. Cl

(V4

, (A) is fuzzy (y,y")-closed set..

(84 7Y

Proof: (i) By (6.2.3), we have T =T, =T, and hence

(77)

-Cl(A) = T,-CI(A) = T,-CI(A). Now using Theorem 6.3.6 , we obtain T,

(77) (2N

CI(A) = T,-Ci(A)U T,-CI(A) =Cl(A) U Cl(A) =Cl,, , (A).

(i1) Itis proved by Theorem (i) and Theorem 6.3.9(iii).
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6.4 Fuzzy (y,y)-separations axioms:

In this section we introduce fuzzy (y,7')-g-closed set and fuzzy
(7,7)—T,(i =1,2, ) spaces and obtain some their properties. Throughout this section, ¥
and y’ be given two fuzzy operations on fuzzy topology 7 and X x X the fuzzy product
of X and A(X)={(p{,pl): pieS(X)}.

Definition 6.4.1: A fts (X,T) 1is called fuzzy (y,9)-T, iff for each
( pf, p’; )e X XX —A(X), there exists open Q-neighbourhoods U and V of pf and pf
respectively such that pjgy(U) and p qyv)

Remark 6.4.2: For given two distinct fuzzy points p? and p'f ,the fuzzy (p,7)-T,-
axioms requires that there exists open Q-neighbourhoods U, W of p? and V, S of pf
respectively such that pic?;/(U) and plgy (V), and pi(iy'(W) and pfc?;/(S).
Clearly (X,T)is fuzzy (y,y)-T, if and only if (X,T)is y-T,.

Definition 6.4.3: A fts (X,7) 1is called fuzzy (y,7’)-T, iff for each
( pf , pf, )e X XX —A(X), there exists open Q-neighbourhoods U and V of pf and pf,
respectively such that y(U)gy'(V).

Remark 6.4.4: For given two distinct fuzzy points pf and p;‘,, the fuzzy (y,9")-T,-
axioms requires that there exists open Q-neighbourhoods U, W of p’ and V, S of pf
such that y(U)qy' (V) and Yy’ (W)qy(S). Clearly (X,T)is fuzzy (y,y)-T, if and
only if (X,T)is y-T,.

Theorem 6.4.5: A space (X,T) is fuzzy (y,y")-T, if and only any fuzzy singletons in X

is a fuzzy (y,7’)-closed set.
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Proof: (Necessity): Let (X,T) be a fuzzy (y,7)-T, and pf e S(X). Since pf
c cl(N,)(pj), so it is only need to prove cl(Nf)(pj) c pf. Let pf, ¢ pf .Then for each
( pf, p’; )e X XX —A(X), there exists open Q-neighbourhoods U and V of p f and pf
respectively  such  that pf,(?}/(U ) and pf qy'(vV). Also for each
( p_f , pf)e XXX —A(X), there exists open Q-neighbourhoods W of p'; and S of pf
such that p f gy (W) and p f? ¥(S) . Therefore we have (y(S)U ;/'(V))c_lpvf. This means

that pf ¢ cl(m/)(pf). Thus cl(mr)(pf) c pf

(sufficiency): Let pf , pf, e S(X) and pf * pi. Since pf and pi are both (y,%")-closed
set, cl(m/)(p?) = pf and cl(%/)(p’y‘)z pi . Since pf * p_f,, then p'y‘ ¢ cl(wr)(pf)and pf
& cl, ., ( pf, ). Therefore, there exists open Q-neighbourhoods U,W of p f and V,S of pf,
such that (YW)UY' W))gp, and (x(V)Uy'(S ))gp’. This implies such that pyqyW)
and pf(?j/(S), and pf(?j/(V) and pf?]}/(W).Thus for each (pf,pf,)e XXX —-A(X)
,there exists open Q-neighbourhoods A and B of pf and pf, respectively such that
pf,c?}/(A) and p’gy'(B) . This implies (X,T) is fuzzy (7,7")-T, spaces.

Theorem 6.4.6: If a space (X,T)is fuzzy (y,7")-T,, then itis fuzzy (y,7")-T,.

Proof: Let (X,T) be a fuzzy (y,%")-T, space. Then for each (pﬁ,p’y‘)e XxX-A(X),
there exists open Q-neighbourhoods U and V of pf and pf, respectively such that
y(U)gy (V) .Since pfq}/(U) , p’y‘q}/(V) and pf # p_f,, therefore pfﬁ}/(V) and

pyqy(U) . Hence (X,T)is (7,7)-T,.
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Definition 6.4.7: Let (X,T) be afts and y an operation on T . A fuzzy set Ae I” is

called (y,y")-generalized closed ((y,7")-g-closed, for short) if ¢/, , (A) cU whenever

7
AcU and U isfuzzy (y,y")-open in (X,T).
Theorem 6.4.8: Every fuzzy (y,y’)-closed set is fuzzy (y,y")-g-closed.
Proof: Obvious. The converse is not true as shown by the following example.
Example 6.4.8: Let X = {xy} and T={X,d, p,’}. Define y:T—>I* by
y(U)=cl(U)=y'(U) foreach Ue T .Let A= p*>° U p?jé. Then A is fuzzy
(7,7 -g.closed set but not fuzzy (y,y")-closed set.
Definition 6.4.9: A space (X,T) is called a fuzzy (y,%") -T% space if every fuzzy
(7, 7)) -g-closed set of (X,T) is fuzzy (y,7")-closed
Theorem 6.4.10: For each p’ e S(X), p’ is (7,7")-closed or (p)€ is fuzzy
(7,7))-g.closed setin (X,T).
Proof: Suppose p f is not (y,7")-closed. Then (p f )€ is fuzzy (y,7")-open. Let U be

any fuzzy (y,7")-open set such that (p f )¢ c U .Since U = X is the only fuzzy

(7.7)-open, cl ., (p1)°) cU . Therefore (p})¢ is fuzzy (7,7")-g.closed set.

6.5. Fuzzy [ 7,7’ ]-open sets and its properties:

In this section, we introduce an altenative fuzzy bioperation-open sets of type

[7,7"] and investigate relations between it and that of fuzzy (,y")-open sets and fuzzy

¥ -open sets [chapter-3] are investigated
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Definition 6.5.1: A fuzzy subset A of (X,T ) will be called a fuzzy [ 7, y"]-open set if for

each p f q A, there exists open g-neighborhoods U and V of p f such that
yHNyvV)c A
Theorem 6.5.2: Let A be a fuzzy subset of (X, 7).
(i) If A is fuzzy y-open and B is fuzzy 7" -open then A\ B is fuzzy [ 7,y ]-open.
(ii) If A is fuzzy [ y,7"] -open, then A is open
(iii) If A, is fuzzy [ 7,7’ ]-open for every je J, then U {A; |je T} is fuzzy ( ,7")-open.
(iv) If A is fuzzy y-open, then A is fuzzy [y, ¥’ ] —open for any fuzzy operation §’.
(v) If (X,T) is fuzzy y- regular space and A is fuzzy [ y, %" ]-open for a fuzzy operation
¥", then A is y-open.
Proof: (i) Let pfq A [ B. Then pf q A and pf g B. Since A and B are fuzzy y-open
and fuzzy y’-open respectively, there exist open g-neighborhoods U and V of p f such
that y(U)c A and » (V)CB.
Now
(yN Y (V)(x) =min { y (U)x),7 (V)x) }

< min{ A(x), B(x) }

= (A NB)(x)
Hence y (U) 7' (V) < A Bandso A () Bis fuzzy [y, ]-open.
(ii) Let A be fuzzy [ 7, %’ ]-open and p f q A. Then for pf q A, there exists Q-nbds
U,and V, of p! suchthat (U,)N ¥"(V,) < A. But by definition of ywe have
U,cyU,)and V_c y(V,). Hence we have U (] V_ cA. Since U and V open
Q-neighborhoods, so V, (1 V.= W, (say) is also open g-neighborhood of p’. Thus we

have W_c A. This shows A is open.
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(iii) Let B = U { A; | je J } and pf q B. Then there exists some A; € T such that pf q

A,. Since A is fuzzy [y, ¥" ]-open, there exists open g-neighborhoods U and V of pf
such that , (U) N 7" (V) < A. Therefore ((U) N ¥ (V))(x) < Aj(x) and so
(yO) N Y (V)H(x) < Sup{A;j(x) | je I }. This implies y(U) N " (V) < B and hence
B is fuzzy [ 7,7 ]-open.
(iv) Let p’q A. Since A is fuzzy y-open set there exist a open g-neighborhoods U of
p? such that y(U) cA
Now y(U) cA
= y(U) x) = A®)
= min { y (U)(x), ¥ (V)(x) } £ A(x) where V is g-neighborhood of p j and y’ is any

fuzzy operation.

Hence Y(U)N 7" (V) < A andso A is fuzzy [ ¢, ¥’ ]-open.
(v) Let p? qA. Since A is fuzzy y-open then for each p* q A there exist open

Q-neighborhoods U and V of pf such that Y(U)N " (V) < A.
Now
YNy cA
= (YN 7Y (V)Hx) < Ax)
= min { Y(U)x), ¥ (V)x) }< A®X)
= min { U(x), V(x) } £ A(x) by definition of y
=UNVcA
Since U and V are open g-neighborhood of pf therefore UV is also a open Q-

neighborhood of p? and let UNV = W. Then we have W CA. Again since (X,T') is
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fuzzy y-regular space, there exist a open g-neighborhood S of pf such that ¥(S) cW
and hence ¥ (S) c A. This shows A is fuzzy y-open.

Definition 6.5.3: The set of all fuzzy [y, ]-open sets of (X,T) is denoted by T}, ,,.
Remark 6.5.4: The following relation 6.5.5 is shown by proposition 6.5.2 (i), (ii), and
@iv)

(6.5.5) : TyﬂTszy gTyUTy, ct,,cT.

vy
Theorem 6.5.6: Let y and y” be fuzzy regular operations.

(i) If A and B are [ ¢, »"]-open sets, then A () B is [y, » ]-open.
(i) T, is a fuzzy topology on X.

v
Proof: (i) Let p*q (A N B). Then p’q A and p’qB. Since A and B are fuzzy [y, ]-
open, there exist open g-neighborhoods U, V, W, and S of p f such that ¥ (U)N 7' (V) cA
and y (W) #'(S) < B. Since y and y’ are fuzzy regular operations, there exist open g-
neighborhoods E and Fof p? such that ¥ (E) < y(U)N y(W)and 3" (F) < ¥’ (V) N ¥ (S).
Now
(yEN ¥ E)) =min { (yE)x), ¥ E)NE) }

< min { ()N yW)HX), (¥ (V) N ¥ () }

=min { (y(U)N " (V)&), (y(W)N ¥ ()(x) }

< min { AX), B(x) }
Thus ¥(E) »'(F) < A (B. This shows A (1B is [y, ]-open
(ii) 0 and 1 are fuzzy [ 7, 7" ]-open sets together with (i) and

theorem 6.5.2 (iii) T; is fuzzy topology on X.

7,71
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Definition 6.5.7: A fuzzy topological space (X,T) is said to be fuzzy [ ¢,y ]-regular
space if for each fuzzy point p f € S(X) and every open Q-neighborhood U of p f ,

there exists open Q-neighborhoods W and S of p j such that ¥ (W) N '(S) c U.

Theorem 6.5.8: Let ( X,T ) be fuzzy topological space.

(i) (X,T ) is fuzzy [ 7,y ]-regular if and only T, = T holds.

77
(ii) If (X,T) is fuzzy y-regular and fuzzy »’-regular space, then it is fuzzy [y, ]-
regular.

Proof: (i) (Necessity): Since T, c T, itis sufficient to prove T < T, LetAe T

771 71

and p j q A. Then A(x) > 1 - A and so A is open g-neighborhood of p j . Since ( X,T ) is
fuzzy [ 7,y ]-regular , there exists open g-neighborhoods W and S of p f such that

y(W) N #(S) < A. Thus we have proved that for each pf q A there exist open g-
neighborhoods W and S of p’ such that ¥ (W) N #’(S) < A. This shows that A is fuzzy
[ 7,7 1-open set.

(sufficiency): Let pf be a fuzzy point in X and let V be an open Q-neighborhood of p f .

Since T,

o =T, Visfuzzy [, " 1-open set. Therefore there exists open

Q-neighborhoods W and S of pf such that ¥ (W) N ’(S) < V. This shows ( X,T) is
fuzzy [ 7,y ]-regular .

(iii) Let (X,T ) be fuzzy y-regular and fuzzy p -regular space. Let p f be a fuzzy point
in X. Since (X, T ) is fuzzy y-regular and fuzzy y’-regular, so for every open
Q-neighborhoods U and V of p f there exist open g-neighborhoods W and S of p f such

that (W) < Uand ' (S) c V.
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Now
(y(W) N 7 ($)(x) =min { y(W)x),7 (S)(x) }
< min { U(x), V(x) }
= U(x) or V(x)
Thus (W) N #°(S) U or (W) N % (S) < V. In both cases we can say that (X, T ) is

fuzzy [y, y’ ]-regular.

6.6: Fuzzy [ 7, ¥’ ]-closures:

We introduce [,y ]-closure of a set and investigate some properties of [,y ]-closed
sets.

Definition 6.6.1: A fuzzy subset A of (X,T) is said to be fuzzy [y, ]-closed set if its
complement A° is fuzzy fuzzy [ y, 7" ]-open.

Definition 6.6.2 : For a fuzzy subset A of (X,T) andT; -CI(A) denotes the

7Y Tlm’]
intersection of all [ y, " ]-closed sets containing A i.e.
T,,CliA)=inf {F:Ac F,Fe T,

[7.71 }

The following theorem characterizes T, ,,-CI(A).
Theorem 6.6.3: For a fuzzy point p f inX, p f € T;,,,-Cl(A) if and only V q A for
any Ve T, , and pf qV.

Proof : We have

ple T, , -Cl(A)if and only if for every fuzzy [7,y ]-closedsetF o A, p’eF.

[7.71

ie.p f € T, -Cl(A)if and only if for every fuzzy (y, ¥’ )-closed set F DA, F(x)=> A.

By taking complement this fact can be stated as follows:
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ple T, ,.»1-CI(A) if and only if for every fuzzy (y,y")-open set V. < A®, V(x) <1-A. In
other words, p’e T,,.,,-CI(A) if and only if for every fuzzy [ 7, y"]-open set V satisfying

V(x) > 1-A, V is not contained in A° . i.e pf €T, ,,-CI(A) if and only if V q A for any

7Y
A
Vel,,and p;qV.

Theorem 6.6.4: Let A and B be fuzzy subsets of (X,T).

WA c T,, -Cl(A),

7,71

Gi)If A c B,then T, -CI(A) € T,, , -CI(B)

7.7 771

(iii) A is fuzzy [ 7,y 1-closed if and only if T, -CI(A) = A.

[7.71

(iv) T;, ,,-Cl(A) is fuzzy [ 7, y"]-closed set.
Proof: (i) It is obvious

(ii) Let p f € T,,,,-Cl(A). Let V fuzzy (y, y")-open set and p f q V. Then we have
V q A. Since AcB , then V q B. This shows p j € T, -Cl(B) and hence

T, ,-Cl(A) cT,,,,-CI(B)

771

(iii) (Necessity): Let A be [ 7, 7" ]-closed set. Then by definition 1., -Cl(A) = A.

(Sufficiency): Let 7, ,, -CI(A) = A. We prove that A“ is fuzzy [ 7, 7" ]-open set. Let

7,71

plqA°. Then we have p’¢ A = T, ,,-Cl(A)and consequently there exists a fuzzy [ 7, )" ]-

7.7
open set V and p f q V such that V is not quasi-concident with A. Therefore we have
V < A°. Since V is fuzzy [ ¥, ” ]-open set, so for p f q V, there exists open g-neighborhoods

W and S of p? such that (W) N #’(S) < V. Hence we have (W) N »'(S) < A°. This

shows A€is fuzzy [ 7, 7" ]-open set and hence A is fuzzy [ 7,7’ ]-closed.
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(iv) Here we prove that 7, ,-CI(T}, ,,-Cl(A)) = -CI(A). Let us put

[77] [77]

G= -CK(T,, ,,-Cl(A)) and H = -CI(A). Let pf € G and V be fuzzy y-open set

[77] [77]

and p’q V. Then we have V q H for each fuzzy [y, ]-openset V and p’q V. This
implies V(x) +H(x) > 1 for some xe X . Let H(x) =1, re [0,1]. Then

p. e H= -CI(A) and V is fuzzy [ 7,7 ]-open set and p’ q V. Therefore V q A

Ty
andso ple T, -CI(A).
Again, letpfe s -CI(A).Then by (i), pX €T, - -CIT T, 1 -Cl(A))). Thus we have
shown that p’e 1., .,,-Cl(z, -1, ,,-Cl(A) & ple(T 17.71-CI(A)).
Hence 7,, ,,-C(T,, ,,-Cl(A)) = T}, ,,-CI(A) and by (ii1) T}, ,,-CI(A) is fuzzy

[ 7,7 1-closed set.

We introduce the following definition of Cl , , (A).
Definition 6.6.5: A fuzzy point p j in X is in the fuzzy [y, y" ]-closure of fuzzy set A of X
ie.inCl,_, (A)if (y(W) N ¥’(S)) q A for each open g-neighborhoods V and W of p .

Theorem 6.6.6: For a fuzzy subset A of (X,T) the following properties hold.

i) A c ClA) c Cl,,,(A) € “CI(A)

[77]

(i) Cl, ,(A) < Cl, ., (A)
Proof: (i) Let p f € CI(A). Let U and V be any open Q-neighborhood of p f Then we

have U q A and V q A. By the definition of v, we get

y(U) q A and ¥ (V) q A. Therefore min{ ¥ (U)(x), ¥ (V)(x) } + A(x) > 1 for some x and
so (¥(W) N #'(S)) q A. This shows that p}e Cl,, ,(A).

Hence CI(A) c Cl, ,,(A). Now we show that Cl -Cl(A).

7.y

W(A) C T

7.y [7.71
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Let ple T, ,,-CI(A).Then there exists an fuzzy [ 7, 7’1-open V such that p?q V and
V is not quasi-concident with A. Then we have V(x) + A(x) < 1. Since V is fuzzy

[ 7,7 ]-open set, so there exists g-neighborhoods W and S of p? such that

YW) N 7' (S) < V. Therefore yW)( #°(S) is not quasi-concident with A. Accordingly

ple Cl,_,(A). Hence Cl,, (A) < T, ,-Cl(A).

lr.y v,y 7.7

Thus we have Ac Cl(A) c C1, ,/(A) < T, ,,-Cl(A).

7,71

(ii) Let p f € Cl,, ,,(A). Then we have (y (W) N 7" (S)) q A for every open

Q-neighborhoods W and S of p?.
Now
(yW)NY©S)HqA
= min { y(W)(x), ¥ (S)(X) } + A(x) > 1 for some x
= max { y(W)X), ¥ (S)x) } + AKx)> 1
= (W)U y©S)HqA

Thus pfe Cl ., (A)andCl, ,(A) < T, ,-CI(A).

771
Theorem 6.6.7: Let A be a fuzzy subset of (X,T).

(i) A is fuzzy [ 7,7 ]-closed if and only if Cl [(A). =A.

7.y

(ii) T, ,,-CI(A) = A if and only if Cl ,_, (A). =A.

(iii) Ais fuzzy [y,y"]-open if and only if Cl , , (A“). = A"

v,y

Proof: (i) (Necessity): we prove that C1 (A). € A. Let p f ¢ A . Then

7,71
pf q A€. Since A€is fuzzy [ 7,7 ]-open, there exist open Q-neighborhoods W and S of
p? such that W) N ¥(S) < A®and so YW)( Y(S) is not quasi-concident with A.

Therefore p f ¢ Cl, ,(A)and Cl, (A). € A. Again by theorem 6.6.6(i) we have
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A c Cl, ,(A).Thus we get Cl, , (A).=A.
(Sufficiency): We prove that A° is fuzzy [ 7,y ]-open. Let p’ q A° .Then

pf ¢ A=Cl, ,(A) and consequently there exists fuzzy open Q-neighborhoods W

lr.y

and S of p f such that y(W) N y(S) is not quasi-concident with A. Hence we have

YW) N Y(S) < A°.This shows that A is fuzzy [ ¥,y ]-openi.e. Ais [y, ]-closed.
(ii). It is proved by (i) and theorem 6.6.4 (iii).

(iii) It follows from (i) and definition 6.6.1

Theorem 6.6.8: For a fuzzy subset A of (X,7) the following properties hold.

(i) If (X, T) is fuzzy [ 7, %" ]-regular space then CI(A) = 1, ,,(M)=T, ,,-Cl(A)

7.7
(i) C1,, ,,(A) is fuzzy closed subset of (X,T).
(i) T,

CICl i, (A) = T, ,-CI(A) = Cl Ly (T, -CIAY

771 771

(iv) IfA € BthenCl,, ,,(A) c Cl,, ,(B)

7.y

Proof: (i) By theorem 6.5.8(i), we have T =T, ,, and hence CI(A)) = T}, ,-CI(A). By

7.7

using theorem 6.6.6(i) it is shown that CI(A) = Cl (A= T, ,,-CI(A).

7,71 771

(i) Here we want to prove that CI(Cl,, ,,(A)) =Cl, , (A). Since

Cl,, ,(A) < CI(Cl,, ,(A), it is require to prove that C1 (C1, ,(A)) < Cl, ,(A).

Let pf € CI(Cl,, , (A)). Let U and V be any open g-neighborhood of pf .Then we
have UqCl,, ,,(A)and VqCl, , (A).

Therefore

min { (U)(x), (V)x) } +Cl, ,(A)x)>1
= min { (U)(x), (V)(x) } +1> 1 where Cl, ,,(A)(x) =1, € [0,1].
=>UXx)+r>land VX)+r>1
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=>Ux)>1-rand VX)>1-r
= U and V are open g-neighborhood of p’.

Also p; € Cl, , (A). Therefore by definition 6.6.5 we have

7.y

(y(U) N ¥ (V)qAandso pe Cl , (A). Thus

[7.7]

Cl(Cl, ,(A) c Cl, ,(A).
(iii) By the theorem 6.6.4 (iv), we have T, ,-Cl(A) is fuzzy [y, 7" 1-closed subset of X.

Then by theorem 6.6.7 (i) we get T,, ,,-ClI(A)=Cl, ,, (T}, ,,-CI(A)).

7.7

Since Ac Cl,, ,(A), T, ,-CI(A) C T, ,,-CI(Cl,, ,(A)).

7.7 771

Then by theorem 6.6.6(i) we obtain that

Cl,,,(A) T, ,-ClA) c T,,_,-CI(Cl,, ,(A)).

771 771

By using these inclusions and theorem 6.6.4(ii) we have

T, ,-CICl,, (A) €T, ,-CUT,, ,-CI(A) cT,, ,-CT,, ,,-CI(Cl,, , (A)).

771 7.7 771 771 7.7

By theorem 6.6.4(iv) and 6.6.4(iii) it can be written as

T, ,-CL(Cl, ,(A) C T,,,,-Cl(A) C T, ,,-CI(Cl, ,, (A)).

[r.vy 7Y 7.7

Thus T,

[7.71

CIA)=T,,,,-CI (Cl,, ,,(A))

7.7

and hence T, .,

CI(Cl,, ,,(A) =T, ,-Cl(A)=Cl,_, (T,,,-Cl(A)).

771 77
(iv) It is obious.

Theorem 6.6.9: Let ¥ and ¥” be open operations and A a fuzzy subset of (X,T).
Then the followings hold:

() Cl,, (A =T, ,-CI(A) and
(i) Cl,,,(Cl, (A)=Cl, ,(Aie. Cl,, ,(A)is fuzzy (7,7 )-closed set..

Proof: (i) By theorem 6.6.6(1), it suffices to prove that 7}, ,,-CI(A) < Cl, ,(A).

7Y
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Let p f € T, ,,-Cl(A). Let U and V be open g-neighborhood of pf .By the openness of y

and 7', there exists a fuzzy y -open set W and y’-open set S such that p? q W and W
cy@U)and p? qS and S < ¥’ (V). By theorem 6.5.2 (i), W NS is fuzzy [y, %']-open
set and then by theorem 6.6.3, we have (W (1S) q A and hence (y(U) N ¥ (V)) q A.

This shows p;e Cl,(A). Thus T, ,-Cl(A) C Cl,, ,(A).

771
(i1) This follows immediately from (i) and theorem 6.6.8(iii).
6.7. Fuzzy [y,y’]-separations axioms:

In this section we introduce fuzzy [p,7']-g-closed set and fuzzy
[7,%'1-T,(i =1,2, 5) spaces and obtain their properties.

Throughout this section, let ¥ and »” be given two fuzzy operations on fuzzy
topology T and X x X the fuzzy product of X and A(X) = {(pf,pf) : pf e S(X)}.
Definition 6.7.1: A fts (X,7) is called fuzzy [p,9]-T, iff for each
( pf s pf, )e X X X —A(X) ,there exists open Q-neighbourhoods U, V of pf and W,S of
py suchthat pig(y(U)NY' (V) and pig(yW)Ny'(S))

Definition 6.7.2: A fts (X,7) 1is called fuzzy (p,9)-T, iff for each
( pf , pf. )e X XX —A(X), there exists open Q-neighbourhoods U, V of p f and W, S of
p, suchthat (YW)NY'(VNg(yW)HNY'(S)).

Theorem 6.7.3: A space (X,T) is fuzzy [y,¥']-7, if and only any fuzzy singleton in X is
a fuzzy [y, y’]-closed set.

Proof: (Necessity): Let (X,T) be a fuzzy [y,7'1-7T, and p f e S(X). Since pf
c cl, M,](pf) , S0 it is only need to prove cl[%y,](pf) c pl. Let pf ¢ p’ .Then for each

(pf, pf, )e X XX —A(X), there exists open Q-neighbourhoods U, V of pf and W, S
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of pi such that pig(y(W)NY(V) and plg(y(W)NY'(S). Since
Pig(y(U)NY' (V) means plecl, ,(pl).thus cl, ,(pl) < pl.

(sufficiency): Let p?, p}e S(X) and p/ # p). Since p’and p} are both [y,y']-closed
set, cl[m,](pj) = pj and cl, ,,(p;)=p;. Since pf * p’y‘, then pf, ¢ cl[N,](pf)and

p f gcl, (p j) . Therefore, there exists open Q-neighbourhoods U,V of p f and W, S

Va4
Open Q-nbds of pf, such that (y(U)N Y (V)) c?pf, and (y(W)N 7' ($)gp’ .Thus for
each ( pf, pf,)e XXX —A(X), there exists open Q-neighbourhoods U, V of pf and
W.Sof p} suchthat (yU)N Y (V))gp, and (y(W)N ¥ (S)gp;. This implies (X,T) is
a fuzzy [y,7’]-T, space.

Theorem 6.7.4: If (X,T)is fuzzy [y,»']-T,, then it is fuzzy [y,y']-T,.

Proof: Let (X,T) be a fuzzy [y,»’]-T, space. Then for each (pj,p’y‘)e XXX -A(X),
there exists open Q-neighbourhoods U , V of p? and W.S of pf, such that
y@HNYVNgrW)HNY(S)).

Since pi # py, pig(yW)NY(V) and pig(yW)NY(S)), then (¥U)NY(V))gp,
and (yW)N ¥ (S)gp’. Hence (X,T)is fuzzy [7,7]-T,

Definition 6.7.5: Let (X,T) be a fts and ¥ an operation on T . A fuzzy set Ae I~ is
called [y, y’]-generalized closed ([, y’]-g.closed, for short) if cl;, ,(A) cU whenever
AcU and U is fuzzy [y,y’]-open in (X,T).

Theorem 6.7.6: Every fuzzy [y, 7’| -closed set is fuzzy [y,7’]-g-closed.

Proof: 1t is obvious.
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Definition 6.7.7: A space (X,T) is called a fuzzy [y, 7] -T,, space if every fuzzy
[7,71-g.closed set of (X,T) is fuzzy [y, y’]-closed

Theorem 6.7.8: For each p? e S(X), p? is [7,7"]-closed or (p/)€ is fuzzy
[7,7']1-g.closed setin (X,T).

C

Proof: Suppose p f is not [y, #’]-closed. Then ( pf )¢ is fuzzy [y,7]-open. Let U be any
fuzzy [y,7']-open set such that (p?)“ c U . Since U = X is the only fuzzy [y, %]-open,
cly, 4 (p})) U . Therefore (p?)¢ is fuzzy [7,y']-g-closed set.
6.8. Fuzzy ([ 7,7’1, [ 8, B’ ] )-continuous mapping:
Throughout this section, let f:(X,T)—(Y,T") be fuzzy mapping and

let 7,7 : T — I be fuzzy operationon Tand S, : T* — 1" be fuzzy operation on T".
Definition 6.8.1: A mapping f:(X,T)—(Y,T") is said to be fuzzy
([ 7.7’ 1,[ B. 81 )-continuous if and only for every fuzzy point p? in X and every fuzzy
open Q-neighborhood W and S of f( p f ), there exists a fuzzy open Q-neighborhood U
and V of psuch that f(y(U) N " (V) <PW)N B'(S)
Theorem 6.8.2: Let (i), (ii), (iii) and (iv) be the following properties for a fuzzy mapping

f:X,T)— X, T).
(i) f:XD— (Y,T")isfuzzy ([y,7 1.[ B8, ])-continuous mapping.
(i) f(Cl, ,(A) < Cl 4 4, (f(A)) for every fuzzy subset A of (X,1).
(iii) For any fuzzy [ 3,8 ]-closed set B of (Y,T"), f'(B) is fuzzy [y, ]-closed set in
X, 7).

(iv) For any Be T 4, fiB) e T, holds.

7.7

Then (i) = (i) = (iii) =(iv)
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Proof: (i) = (ii). Let p’ € ¢ ,(A)and let W and S be open Q-neighbourhood of f(p 9)

7.y

. Then there exists open Q-neighborhoods U and V of p? such that

FOU) Ny’ (V) SBWIN B/(S) Again ple Cl,, (A), =GN ¥ (V) g A =
FCYON Y (V) q fA) = BWINB'S) q f(A) = f(pie Cly,, (f(A) =
pf e f! (clip 5y (f(A))). Thus cl, n(A) C o (clip 5y (f(A))) SO that
f el (A) S clig gy (f(A)

(ii) = (iii). Let B be a fuzzy [ 8, 5 ]-closed set of (Y,T”). Then

Cl ;s » (B) =B. By using (i) we have
F(Cl,,,(f'B)) < Clysp (ff'B) < Cl 4, (B)=B. Thus Cl, ,(f'(B)) =f'(B).
Again by proposition 6.6.6(i) we have f'l(B) c Cl[m,] (f'l(B)). Hence

Cl,,,(f'(B)) = f'(B). Thatis f'(B)is fuzzy [y, ]-closed set in (X,T).
(iii) = (iv). Let B be fuzzy B-open set in Y. Then B¢ is fuzzy [ £, 5 ]-closed set in Y.
Then by (i) f'(BY) = (f'(B)) is fuzzy [,y ]-closed set in X and hence f~'(B) is
fuzzy [, 7" ]-open set in X.

Theorem 6.8.3. Let f:(X,T)—>(Y,T’) be fuzzy mapping and (Y,T") fuzzy -regular
space, then following statements are equivalent.

1) f:XTD)—=X,T)is fuzzy ([ 7,7 1.[ B, B 1)-continuous mapping.

(i) f(Cl,,_,, (A)) < Cl 4 4, (f(A)) holds for every fuzzy subset A of (X,T).

(iii) For any fuzzy [ 8, B’ ]-closed set of (Y,T”), £'(B) is fuzzy [ 7,7 ]- closed in X.

Proof: By theorem 6.8.2, we have (1)=(ii)=(iii), so it is sufficient to prove (iii)=(i). Let

p f be a fuzzy point in X and W and S be a fuzzy open g-neighborhood of f( pf )
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Since W[ S is also a open Q-neighborhood of f(p f ), then by theorem 6.5.8, WS is
fuzzy [ B8, 8’ 1-open set in Y and hence (W 1 S)¢ is fuzzy [ B, 8 ]-closed set in Y. Then
by our assumption, f(WNS) )= (f'WNS) is fuzzy [y,y ]-closed set in X.
Therefore f~'(W(S) is fuzzy [y, ]-open set in X. Also we have f( pf) q (WNYS).
This implies p’q FYWNS). Since fF{(WNS) is fuzzy [,y ]-open set , there exists
open Q-neighborhoods U and V of p? such that y(U) N 7'(V) < AWNS) and
hence

fy) N YV) < WNS < SW) N B(S) sothat f is fuzzy

(17,7 LL B, B’ ])-continuous.

Theorem 6.8.4: Let f:(X,T)—>(Y,T’) be fuzzy mapping and £ and S be fuzzy open
operation, then following statements are equivalent.

() f:(X,T)>(Y,T")is fuzzy ([y,7 1.[ B, ]) continuous.

(i) f(Cl, s Clig g (f(A)) holds for every fuzzy subset A of (X,T).

(iii) For any fuzzy [ 8, B 1-closed set of (Y,T), f'(B) is fuzzy [ 7,7 ]- closed in X.
Proof: By theorem 6.8.2 we have (i) = (ii) = (iii), so it is sufficient to prove that

(ii)=(). Let pf be a fuzzy point in X and V be a fuzzy open g-neighborhood of f( pf ).
Since B and S are fuzzy open operations, there exists a fuzzy [ -open set A and a fuzzy
B -open set B and f( p?) q A and f( p’) q B such that A < B(W) and Bc '(S).
Hence f( p?)q(A NB)and A NB < B(W)N B’(S) .Again since A N B is fuzzy

[B,5 1-open set in Y , (A NB) is fuzzy [B,5’] -closed set in Y. Then by our
assumption, £ ((A NB)°) = (f (A NB)) is fuzzy [ 7, ¥ 1-closed set in X. Consequently
(A NB) is fuzzy [ 7,y ]-open set in X and p”q f'(A N B).Then there exist open Q-
neighborhoods U and V of p? such that y(U) ¥’ (V) < (A NB) and hence
f(yON ¥ (V)) < ANB < S(W)N B°(S) This shows that f is fuzzy

([7.7'1.[ B, B 1)-continuous mapping.
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